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We theoretically investigate general properties of driven (sheared) colloidal suspensions in con-
finement, based on methods of classical density functional theory. In the absence of an exact closed
(Smoluchowski-) equation for the one-particle density under shear, we formulate a set of general
conditions for approximations, and show that a simple closure fulfills them. The exact microscopic
stress tensor is identified. Exemplifying the situation near a wall (oriented parallel to the direction
of shear), we note that the microscopic shear stress is not necessarily homogeneous. Formulating a
second equation additional to the Smoluchowski equation, we achieve a homogeneous shear stress,
and thereby compute the local flow velocity near the wall. This finally leads to a slip length of the
complex fluid at the wall.
PACS numbers: 82.70.Dd, 83.80.Hj, 05.70.Ln
I. INTRODUCTION
Suspensions of Brownian particles possess a variety
of nontrivial properties [1, 2], especially in the dense
regime. Particle interactions result in a slowing down
of the internal relaxation dynamics with increasing den-
sity, which eventually turns untractably slow (or glassy)
around a packing fraction of roughly 58 % [3]. Suspen-
sions are also of great rheological interest [2], as particle
interactions play a nontrivial role here, too, and lead,
e.g., to measurable changes of the suspension’s proper-
ties in the directions perpendicular to driving. Despite
available powerful simulation techniques [4–8], there are
still strong ongoing research activities, aming at describ-
ing properties of driven suspensions from first principles.
The mentioned interplays between flow and structure me-
diated by particle interactions make microscopic theo-
retical descriptions desirable. Based on the many parti-
cle Smoluchowski equation [9], powerful theoretical tech-
niques have been developed for the description of rheolog-
ical properties of dense suspensions based on Mode Cou-
pling Theory (MCT) [10–13]. These use density correla-
tion functions in (spatial) Fourier space, thereby profiting
from the translational invariance of bulk systems. Ex-
tensions to confined systems are tedious, but have never-
theless recently been achieved for equilibrium situations
[14]. Somewhat more phenomenological are the soft-
glassy-rheology model [15] or the shear-transformation-
zone model [16].
The bulk rheology of suspensions is generally charac-
terized by a shear stress, determining the force needed
to shear the system. It is naturally linear in shear rate
for small rates, thus defining the linear response viscos-
ity of the suspension. The diagonal parts of the stress
tensor, i.e., the (anisotropic) pressure, change also with
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applied shear, the deviation from the equilibrium values
being quadratic in shear rate for small rates [17–19], as
demanded by symmetry.
Suspensions in confinement, their microstructure and
phase transitions are in many cases well described in equi-
librium by classical density functional theory (DFT) [20–
22]. Nonequilibrium situations, such as driven suspen-
sions or suspensions subject to time dependent poten-
tials, have been addressed by Dynamical Density Func-
tional Theory (DDFT) [23–25]. While the framework
described in these references suffices for example to de-
scribe the flow disturbance induced by a moving particle
[25, 26], it does not capture the effects of a simple shear
flow on the microstructure. This shortcoming has been
addressed recently [27, 28], by addition of an extra term.
Using this theory, it was found that the density can un-
dergo a layering transition into a state with long range
order [27], and that a colloidal sediment rises under appli-
cation of shear flow, an effect called viscous resuspension.
Laning of oppositely charged particles has also been stud-
ied by DDFT with addition of an extra term [29]. Also,
by use of a tagged particle method, DDFT was used suc-
cessfully to analyze bulk properties under shear [30], and
the pair correlation of suspensions with individual driven
particles was investigated on basis of Kirkwood’s super-
position approximation [31]. Recently, a variational prin-
ciple (“power functional”) has been proposed for study
of driven suspensions [32], as well as a general nonequi-
librium Ornstein-Zernike relation [33]. Experimentally,
finite (or small) driven systems are readily accessible, see
e.g. [34–36]. See also a recent review on confined crystals
including shear [37].
In this paper, we investigate general properties of
sheared systems under confinement, and analyze a de-
scription of such systems by use of density functional
theory. Specifically, in Sec. II, we introduce the system
under consideration together with exact equations de-
scribing it. This is followed by a review of the DDFT
approximation of Refs. [23–25] in Sec. III. In Sec. IV,
2we introduce the Shear-DDFT approximation, where we
first recall the inability of the DDFT approximation of
Sec. III to capture effects of shear. We formulate general
conditions for a Shear-DDFT approximation, and then
introduce a simple version. In Sec. V, the stress tensor
in the exact many body Smoluchowski equation is iden-
tified and computed by use of the Shear-DDFT approxi-
mation. In Sec. VI, we analyze the diagonal elements of
the stress tensor, and show that e.g. the osmotic pres-
sure at the wall is consistent with the bulk pressure in
the Shear-DDFT approximation. In Sec. VII, we note
that the off-diagonal part of the stress tensor (the shear
stress) is not necessarily homogeneous, and we introduce
the stress ensemble that requires such homogeneity. Fi-
nally in Sec. VIII, we explicitly give results for a hard
sphere suspension near a hard wall, computing the den-
sity distribution near the wall, the flow velocity in the
stress ensemble, and the slip length at the wall.
II. THE SYSTEM
A. General relations
Consider a system of N spherically symmetric Brown-
ian particles, i = 1 . . . N , immersed in a solvent (compare
also Fig. 1 below). Due to the overdamped nature of the
dynamics, the distribution of particle positions evolves
according to the Smoluchowski equation [1, 24],
∂Ψ(t)
∂t
=
∑
i
∇i · [D (∇i − β Fi)− v(ri)] Ψ(t), (1)
where Ψ(t) ≡ Ψ({ri}, t) is the probability function of
particle positions, β = 1/kBT is inverse thermal energy,
and D is the bare diffusion coefficient of the particles;
v(ri) is the (driven) flow velocity at the position of par-
ticle i, ri, and Fi is the force exerted on particle i by
both the external potential field, and the other particles
(with total interparticle interaction energy U),
Fi = −∇i [U{ri}+ Vext(ri)] . (2)
We note that Eq. (1) neglects hydrodynamic interactions,
see Sec. II B. By integrating Eq. (1) over the coordinates
of all particles except one, one obtains the equation for
the evolution of the one body density ρ(r, t) [38], which,
even more obvious than Eq. (1), is a continuity equation,
∂ρ(r, t)
∂t
= −∇ · j(r, t) . (3)
For the case of pair potentials, i.e., U{ri} =∑
i,j>i φ(|ri − rj |), the one body probability current j
is given by
j(r, t) = ρ(r, t)v(r) −D
(
∇ρ(r, t)
+ βρ(r, t)∇Vext(r) + β
∫
dr′ ρ(2)(r, r′, t)∇rφ(|r−r
′|)
)
.
(4)
Here, ρ(2)(r, r′, t) is the two-particle density [38] related
to the probability that each of the positions r and r′ is
occupied by a particle. Despite being exact, Eq. (4) is
not closed because ρ(2) is unknown in general.
In the case of thermal equilibrium, the sum rule is valid
[20, 24], which introduces the density functional Fex,
∫
dr′ ρ(2)eq (r, r
′)∇rφ(|r−r
′|) = ρ(r)∇r
δFex
δρ(r)
. (5)
Substituting (5) into (4), and considering the situation
without driving, i.e., v(r) = 0, the density in Eqs. (3) and
(4) converges to the equilibrium density, which minimizes
the grand potential Ω [38],
Ω[ ρ ] = Fid[ ρ ] + Fex[ ρ ] +
∫
dr (V ext(r)− µ)ρ(r). (6)
Here, µ is the chemical potential of the particles, and it
is chosen such that the average particle number 〈N〉 of
the grand canonical ensemble equals the particle number
N of Eq. (1). The ideal gas part of the free energy is
defined by,
Fid[ ρ ] = kBT
∫
drρ(r)[ln(Λ3ρ(r)) − 1], (7)
where Λ is the thermal wavelength. Fex[ ρ ] introduced
in Eq. (5) is termed ‘excess‘ free energy. It is the con-
tribution of the particle interactions to the free energy
F ≡ Fid + Fex.
B. A Comment on hydrodynamic interactions
Eq. (1) results from integrating out the degrees of
freedom of the solvent molecules, which results in the
stochastic dynamics underlying it. The integration also
leads to effective interactions between the Brownian par-
ticles mediated by the solvent, the so called hydrody-
namic interactions [1]. Due to their nontrivial nature,
they are often neglected in theoretical treatments of sus-
pensions, as done in the present work. We are aware
that, when introducing the stress ensemble (see Sec. VII
below), a principle interplay between the solvent and the
particle stress may be present, such that treating the two
independently, as done in Eq. (29), may be a crude ap-
proximation. Yet, aiming to understand and develop the
Shear-DDFT approach from first principles and to keep
track of the origin of the different effects, we leave the
inclusion of hydrodynamic interactions for later work.
III. DDFT APPROXIMATION
Eq. (5) is by definition valid in equilibrium, and in
general invalid for systems under driving. Considering
the latter, the simplest closure for Eq. (4) is achieved
by (now approximative) use of Eq. (5). Substituting (5)
3into (4), one obtains a closed equation for a system with
external driving v(r) [25],
j(r, t) ≈ ρ(r, t)v(r)
− βDρ(r, t)∇
(
δF [ρ(r, t)]
δρ(r, t)
+ Vext(r)
)
. (8)
This equation captures the density distortions due to a
moving tracer particle [25, 26]. The use of Eq. (5) in non-
equilibrium situations (leading to Eq. (8)) is sometimes
referred to as adiabatic approximation, as it is based on
the assumption that the two-particle function ρ(2)(r, r′, t)
relaxes instantaneously in each moment to the one of an
equilibrium system with density profile ρ(r, t).
For the case of simple shear, it is precisely this assump-
tion that will prove too crude to be able to capture the
changes in structure, as it is precisely the distortion of
ρ(2)(r, r′, t) due to shear which contains the coupling of
density and flow.
IV. SHEAR-DDFT APPROXIMATION
A. Repetition: Why Eq. (8) is inappropriate for
shear
Shear flow is a simple but yet important example for
external driving, as it is the basis for studying the dy-
namic viscosity of complex fluids. As discussed in detail
in Refs. [27, 28], the scenario depicted in Fig. 1 cannot be
studied by use of Eq. (8); The external flow v(r) = eˆxv(y)
is by prescription a function of y only, and points in direc-
tion x. Furthermore, due to the symmetry of the system,
ρ is invariant in the xz plane [44], ρ(r, t) = ρ(y, t). Hence,
one has
∇ · ρ(y, t)eˆxv(y) = 0, (9)
and Eq. (8) is solved by the solution in absence of flow,
i.e., for t → ∞, it is solved by the equilibrium solu-
tion. Eq. (8) can hence not capture the changes in ρ(y, t)
caused by shear.
B. The closure of Ref. [27]
In Refs. [27, 28] a semi-phenomenological theory has
been proposed, in which the influence of the velocity field
is accounted for by adding a flow term into (8), describ-
ing the “rolling around” of two particles in shear flow,
i.e., the overdamped “scattering process” of two parti-
cles in flow. The term of Ref. [27] is based on dynami-
cal considerations, minimizing hydrodynamic friction in
the scattering event. In the following subsection we will
introduce direct approximations to the aforementioned
equations of statistical physics. Interestingly, one of our
final results (see Eq. (36) below), is identical to the cor-
responding result of Ref. [27], except for an additional
prefactor of pi/3 ≈ 1.05. As Eq. (36) is the limiting result
for large shear rates, and the description of the scattering
event in Ref. [27] is purely deterministic, this agreement
is reassuring, as one might expect that the statistical de-
scription becomes the more deterministic, the larger the
shear rate is.
C. Simple consistent closure
In this subsection, we collect conditions for a closure
for ρ(2)(r, r′) for sheared systems, and propose a simple
form that obeys them. Based on symmetry and force
balance, we require:
1. For vanishing shear rate γ˙, the density distribution
should approach the equilibrium one.
2. Quantities that are antisymmetric in shear rate
(e.g. the shear stress, compare Sec. V for the stress
tensor) are linear in γ˙ for small rates, while sym-
metric quantities (e.g. the diagonal components of
the stress tensor) are at least of order γ˙2 for small
rates.
3. In stationary situations, all volume elements are
force free, such that interparticle forces, Brownian
forces and external forces are balanced [1]. In the
situation depicted in Fig. 1, the osmotic pressure
exerted on the external potential (i.e. the wall) by
the suspension must be equal to the corresponding
stress tensor component (here σyy) in the suspen-
sion.
The structure in the bulk is characterized by the pair-
correlation function,
g(r− r′) ≡
ρ(2)(r, r′)
ρ(r)ρ(r′)
∣∣∣
bulk
. (10)
Previous computations for bulk systems [1, 17, 18] show
that g has the symmetries required by condition 2, hence
using it in the approximative closure is beneficial, as it
automatically imprints these symmetries into the solu-
tion for the inhomogeneous system. A simple way to
include it is via a superposition approximation for the
distorted (shear-) part of the pair correlation,
ρ(2)neq(r, r
′) ≈ ρ(r)ρ(r′)gneq(r− r
′). (11)
By definition, Eq. (11) is valid in homogeneous, i.e., bulk
systems, and is an approximation in inhomogeneous sit-
uations (that we aim for). We defined gneq(r − r
′) ≡
g(r−r′)−geq(|r−r
′|), the nonequilibrium part of the pair
correlation, where geq(|r− r
′|) refers to the system with-
out shear. Noting that the total ρ(2) contains also the
part that fullfills Eq. (5) for the given (non-equilibrium)
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FIG. 1: Specific example configuration for the relations derived in the main text: A suspension of colloidal particles is confined
by a wall and subject to an external shear flow. Left hand side depicts the shear ensemble (see Sec. VII) where the solvent
flow, illustrated by the red arrows, is prescribed. Right hand side depicts the stress ensemble, where the solvent velocity is an
output. The deviation from the simple shear profile can be quantified by the slip length L.
profile, we write the intuitive approximation,
∫
dr′ ρ(2)(r, r′)∇rφ(|r−r
′|)
≈ ρ(r)
(
∇r
δFex
δρ(r)
+
∫
ρ(r′)gneq(r− r
′)∇rφ(|r − r
′|)dr′
)
.
(12)
Again, Fex is the excess free energy functional (compare
Eq. (5)). We have our final Shear-DDFT equation for
the non-equilibrium current,
j(r, t) ≈ ρ(r, t)v(r) − βD∇Vext(r)ρ(r, t) − βDρ(r, t)
×
(
∇
δF [ρ(r, t)]
δρ(r, t)
+
∫
ρ(r′)gneq(r − r
′)∇rφ(|r− r
′|)dr′
)
.
(13)
We note the important difference to equilibrium cases
that Eq. (13) contains specific input from the dynamics,
namely the solution of the Smoluchowski equation for the
pair-correlation function gneq(r− r
′). By using this pair
correlation function as an input, Eq. (13) benefits from
the adequate symmetry properties. The pair correlation
function also provides the statistical physics description
of a “pair scattering” event, thereby differing conceptu-
ally from the previous closure suggested in Ref. [27].
The distorted bulk pair-correlation function is an in-
put into the theory. It can be computed by different
means, e.g. using MCT [19, 39], or by use of Eq. (8)
together with a tagged particle method [30]. It can be
computed analytically in the limit of small particle den-
sity, in the two limits of small or large shear rates [17, 18].
See Sec. VIIIA for analytical estimates of g used as input.
The conditions 1-3 are indeed fulfilled by Eq. (13).
Condition 1 is fulfilled, since gneq vanishes at vanish-
ing shear. Condition 2 becomes evident in the explicit
discussion of hard spheres systems (Sec. VIII), while we
discuss condition 3 in detail in Sec. VI.
V. STRESS TENSOR
We introduce the stress tensor as it is important for the
analysis of rheological properties of the inhomogeneous
system, as e.g. done in the stress ensemble in Sec. VII
below.
A. Exact relation
The microscopic (colloidal) stress tensor σ is defined in
terms of the force F on a volume element due to particle
interactions and Brownian forces,
F = −∇ · σ. (14)
Noticing that Eq. (4) is a microscopic force balance, it can
be rewritten in terms of σ, to obtain the exact relation,
j(r, t) = ρ(r, t)v(r) + βD (∇ · σ −∇Vext) . (15)
The force balance hence yields directly the divergence
of σ by comparing Eq. (15) with Eq. (4),
∇ · σ(r) = −kBT∇ρ(r)
−
∫
d3r′[∇rφ(|r − r
′|)]ρ(2)(r, r′). (16)
The tensor σ itself is given by [40],
σ(r) = −kBTρ(r)I+
1
2
∫ 1
0
dλ
∫
d3r′×
×
r′r′
r′
[∂r′φ(r
′)]ρ(2)(r+ (1 − λ)r′, r− λr′) . (17)
The divergence of Eq. (17) agrees with Eqs. (16) and (4),
and Eq. (17) approaches the more familiar form [41] for
homogeneous systems,
σ = −kBTρ0I+
1
2
ρ20
∫
d3r
rr
r
[∂rφ(r)]g(r) , (18)
5where ρ0 is the density of particles in the bulk.
The first term on the right hand side of Eqs. (16), (17)
or (18) is entropic, i.e., related to thermal motion of the
particles (the Brownian force [1]), while the second term
is related to their mutual interactions.
Eq. (16) yields the (divergence of the) stress in terms
of the density, and hence can be used to compute rheo-
logical properties in a consistent manner, after a specific
closure for the two-particle density is employed. This
result is hence general, and provides a strategy that is
independent of the specific approximation proposed in
Eq. (12).
B. Approximate expression in Shear-DDFT
By use of the approximate closure of Eq. (12), we find
the consistent expression for the stress by writing
∇ · σ(r) ≈ −kBT∇ρ(r)− ρ(r)
(
∇
δFex
δρ(r)
+
∫
ρ(r′)gneq(r− r
′)∇rφ(|r− r
′|)d3r′
)
. (19)
VI. CONTACT VALUE AND OSMOTIC
PRESSURE
In this section, considering the situation depicted in
Fig. 1, we analyze the component of the pressure per-
pendicular to the wall, thereby discussing in more detail
the condition 3 of Sec. IVC.
A. General properties
Recalling Eq. (15) for the particle current in terms of
the particle stress,
j(r, t) = ρ(r, t)v(r) + βD (∇ · σ −∇Vext) , (20)
and assuming a steady state in the coordinates defined
in Fig. 1, we have
jy(r) = 0 . (21)
As all the quantities in Eq. (15) are invariant in x and z
directions [1, 2], Eq. (15) simplifies with Eq. (21) to
−
∫
∞
−∞
dyρ(y)∂yVext(y) = −
∫
∞
−∞
dy∂yσyy(y). (22)
The term on the l.h.s. is identified as the force per surface
area exerted on the external potential by the particles,
F exty /A = −
∫
∞
−∞
dyρ(y)∂yVext(y). In case Vext grows
sufficiently fast towards y → −∞ (e.g. in the case of an
inpenetrable wall), we have vanishing density at y = −∞,
and hence
F exty
A
= −σyy(∞). (23)
Eq. (23) states the expected (and trivial) fact that the
yy component of the stress tensor in the bulk equals the
force acting on the wall by the suspension, Actio et Re-
actio. For us it is important to understand if the ap-
proximation of Eq. (12) fulfills this principle. It does
so due to the following; The relation for the stress in
Eq. (17) is mathematically in agreement with Eqs. (16)
and (4) for any ρ(2)(r, r′) that is symmetric in the two
arguments. Indeed, this symmetry is demanded by the
physical definition of ρ(2), and we see here the importance
of conserving this symmetry when introducing approxi-
mations – Eq. (11) does conserve it. Since, additionally,
the approximative closure in Eq. (12) yields by construc-
tion the correct stress tensor components in the bulk (e.g.
at y → ∞), we have shown with Eq. (23) that it repro-
duces the correct pressure of the suspension at the wall,
i.e., the correct absorption at a wall, thus establishing
consistency of pressures, as demanded in condition 3 of
Sec. IVC. Compare Fig. 3 in Sec. VIII below, where this
is demonstrated explicitly.
B. Specific properties for hard potentials – contact
value
For the case of hard spheres of radius R confined by a
hard wall (located in the y = 0 plane), additional prop-
erties can be found. Noting that in that case ρ(2)(r, r′)
vanishes if y < R or y′ < R, it is apparent that the sec-
ond term in Eq. (17) approaches zero for y approaching
R, and we have in that case,
σ(y = R) = −kBTρ(y = R)I. (24)
Noting furthermore that (directly from Eqs. (21) and
(15)), ∂yσyy = 0 for y ≥ R (where Vext = 0), we can
extend Eq. (24) to the range of y ≥ R,
σyy(y ≥ R) = −kBTρ(y = R). (25)
In particular, Eq. (25) holds for y → ∞, and we have
shown, together with Eq. (23), that the pressure at the
wall is indeed given by the density contact value, in equi-
librium and under the considered driving,
F exty
A
≡ P osmparticles = kBTρ(y = R). (26)
Eq. (24) also directly shows that the shear stress due to
interactions vanishes at the wall,
σxy(y)
∣∣∣
y=R
= 0 . (27)
6VII. STRESS ENSEMBLE VERSUS SHEAR
ENSEMBLE
Using the approximate closure of Shear-DDFT in
Eq. (12) allows computation of the density profile ρ(r),
if the shear rate γ˙ is given. Often, one may assume that
the shear rate is uniform throughout the system (which
would be the case in the absence of Brownian particles).
Such system (or theoretical computation) where the flow
velocity or shear rate is prescribed may be termed shear
ensemble, in the notion of the well known concepts of
equilibrium statistical physics; The microcanonical en-
semble prescribes the internal energy, while in the canon-
ical ensemble, temperature is the external control param-
eter. Most theoretical works on driven suspensions are
in the framework of the shear ensemble, as e.g. the one
of Ref. [27], as well as the aforementioned references on
MCT [10, 12].
Especially in inhomogeneous systems, the physical (ex-
perimental) situation may be better described by a dif-
ferent ensemble, which we term the stress ensemble; It
is characterized by the circumstance that all volume ele-
ments are force free, meaning that the stress tensor (in-
cluding all forces) has no divergence. We conclude that
this includes the requirement that the shear stress σxy
must be constant throughout the system. For the setup
of Fig. 1, we have to regard its y-derivative, which from
Eq. (16) is given in exact form,
∂
∂y
σxy(y) = −
∫
d3r′
x′
r′
[∂r′φ(r
′)]ρ(2)(r, r+ r′) . (28)
From the above argument, we hence require that this
derivative must vanish. There is however yet another
contribution to the shear stress, due to the (bare) solvent
viscosity, which can be written as σ
(s)
xy = γ˙(y) ν, where ν
is the coefficient of viscosity. In the stationary situation,
we hence demand the total shear stress to be uniform,
and with Eq. (28),
0 =
∂
∂y
σxy(y) +
∂
∂y
σ(s)xy (y)
=−
∫
d3r′
x′
r′
[∂r′φ(r
′)]ρ(2)(r, r + r′) + ν
∂
∂y
γ˙(y).
(29)
Compare also the comment of Sec. II B on hydrodynamic
interactions. The coefficient of viscosity ν is related to
diffusion coefficient D via the Einstein relation, e.g. for
hard spheres of radius R,
ν =
kBT
6piDR
. (30)
Equations (4) and (29) determine the density profile in
the stress ensemble. Note that the shear rate is not uni-
form in the stress ensemble, as it is an output of the
theory. Nevertheless, for the situation of Fig. 1 it tends
to the bulk value γ˙0 ≡ γ˙(y → ∞) far from the wall in
the absence of layering transitions in the bulk, compare
Ref. [27]).
The explicit (approximate) form of Eq. (29) for hard
spheres is given in Eq. (41) below.
VIII. SPECIFIC FORMS AND RESULTS FOR
HARD SPHERES
In this section, we finally evaluate explicitly (including
numerically) the exemplary situation depicted in Fig. 1,
i.e., a hard sphere suspension confined by a hard wall,
and sheared parallel to the wall.
A. Bulk pair correlation
The pair correlation function is an input to Shear-
DDFT (compare Eq. (12)), and we summarize in this
subsection known analytical forms used in the following.
It can be computed analytically for the limits of small
or large shear rates, considering the limit of low particle
density. In the limit of small shear rates, one has the
typical quadrupolar form [42],
lim
ρ0→0,γ˙0→0
gneq(r)
∣∣∣
r=2R
= −
1
6
γ˙0
xy
D
. (31)
The derivation of Eq. (31) from [42] is reproduced in
Appendix B. In the limit of large rates, one has [18]
lim
ρ0→0,γ˙0→∞
gneq(r)
∣∣∣
r=2R
= −
1
6
γ˙0
xy
D
Θ(−xy). (32)
The unit step function Θ reflects the circumstance that
the contact value of g increases linearly with shear on the
up-stream sides, but is of order unity on the downstream
sides. For finite densities, exact analytical results are
not available, and approximative numerical methods can
be used to find gneq [19, 30, 39]. In order to keep an
analytical form for the Shear-DDFT equation, we use a
simple extrapolation to higher densities (e.g. similarly
suggested in Ref. [18]) by use of the contact value in
equilibrium,
lim
γ˙0→0
gneq(r)
∣∣∣
r=2R
≈ −
1
6
γ˙0
xy
D
geq(2R), (33)
lim
γ˙0→∞
gneq(r)
∣∣∣
r=2R
≈ −
1
6
γ˙0
xy
D
Θ(−xy)geq(2R). (34)
The equilibrium contact value is in turn found from the
very accurate Carnahan-Starling expression [38] (Φ =
4/3 piR3ρ0 is the packing fraction),
geq(2R) ≈
1− Φ2
(1 − Φ)3
. (35)
With this, the Shear-DDFT equation in Eq. (13) can
be solved numerically. In the following subsections, we
7use Eq. (33) for the small shear rate, i.e for the linear
response case, and take Eq. (34) for the finite rates shown
(owing the small inconsistency that use of Eq. (34) should
be restricted to very large rates to the advantage of an
analytical expression for the Shear-DDFT closure).
B. Shear-DDFT equation
The Shear-DDFT equation now follows directly from
Eqs. (4), (12), (33) and (34). For small rates, using
Eq. (33), we find that the shear rate dependent term
in Eq. (12) vanishes since the integral yields exactly zero
due to symmetries. To first order in shear rate, the den-
sity distribution is thus unchanged, as required by sym-
metry. It is thus evident that Eq. (12) incorporates this
symmetry (compare condition 2 in Sec. IVC). For large
rates, γ˙ →∞, the Shear-DDFT approximation yields for
hard spheres,
0 = β
∂
∂y
(
δF
δρ(y)
+ Vext(y)
)
+
(2R)2Pe
3
geq(2R)
×
∫ y+2R
y−2R
dy′ρ(y′)S(y, y′)sgn(∆)∆2
√
1−∆2. (36)
with ∆ ≡ (y′ − y)/2R, and the Peclet number Pe ≡
γ˙0(2R)
2/D. Pe characterizes the activity of Brownian
motion as compared to the external driving. We in-
cluded the possibility for a spatially varying rate γ˙(y) as
a prerequisite for the stress ensemble below (one may also
imagine situations where the rate is a priori spatially de-
pendent, e.g. in a Poiseuille flow). For a spatially varying
rate, an additional step is necessary after introduction of
Eq. (12), (as the local rate can vary over a particle diam-
eter), and we introduce the function S(y, y′) in Eq. (36)
which is defined by,
S(y, y′) =
1
y′ − y
y∫
y′
ds
γ˙(s)
γ˙0
. (37)
S(y, y′) is constructed such that two interacting particles
have the proper velocity difference according to their spa-
tial displacement along y. For homogeneous shear rate,
we obviously have S(y, y′) = 1. In this case, Eq. (36)
is equal to the corresponding equation in Refs. [27] and
[28], however its second term is multiplied by pi/3. Up to
this different prefactor, the result of Ref. [27] coincides
with the one obtained now, however only in the limit of
large shear rates.
Figure 2 shows the resulting density profiles obtained
from Eq. (36) by use of a homogeneous shear rate for
Peclet numbers ranging from 0 to 12.53. The equilibrium
curve and the linear response curve are identical.
Figure 3 shows the contact value, i.e., ρ(y = R) in
Fig. 2, as a function of bulk packing fraction. By use of
the Rosenfeld functional (see Appendix A), one obtains
FIG. 2: Density profiles for hard spheres opposite a hard wall
with shear, obtained in the shear ensemble, i.e., from Eq. (36)
assuming a homogeneous shear rate. Pe = 0, 6.26, 9.39, 12.53
and Φ = 0.45. The curve for smallest shear rate represents
both equilibrium and linear response. The curves for finite
shear rates are (up to the mentioned prefactor of pi/3 in shear
rate) identical to the ones obtained in Ref. [27].
FIG. 3: Contact value of the density at the wall as a function
of bulk packing fraction, for the equilibrium case, and for
Pe = 9.39. Lines are the analytical expressions of Eqs. (38)
and (39) (obtained from the bulk pressure), while data points
are numerically computed contact values. Inset shows that
the effect of shear on the contact value is of order Φ2 for
small Φ, as it is an effect due to particle interactions and thus
absent for an ideal gas.
the familiar result in equilibrium, which is identical to
the one of linear response,
lim
γ˙0→0
ρ(y = R) = ρ0
(
1 + Φ + Φ2
)
(1− Φ)3
+O(γ˙2). (38)
By use of the closure for large rates in addition, i.e.,
8Eq.(34), we obtain the contact value for large shear rate,
lim
γ˙0→∞
ρ(y = R) = ρ0
(
1 + Φ+ Φ2
)
(1− Φ)3
+ ρ0
4Pe
15pi
1− Φ2
(1 − Φ)3
Φ.
(39)
Eqs. (38) and (39) have been computed from Eq. (25),
i.e., they give the stress tensor element σyy in the bulk. In
the figure, we show that these bulk values indeed agree
with the numerically obtained contact values (i.e., the
contact values in Fig. 2), thus demonstrating that Shear-
DDFT yields a consistent contact value, as demanded by
item 3 in Sec. IVC.
We finally note that Eqs. (38) and (39) are, due to this
consistency of pressures, independent of the ensemble,
i.e., they also hold in the shear ensemble, described in
more detail below. For all other values of y, the density
profiles in shear and stress ensemble differ in principle,
this (not shown) difference being however almost invisible
on the scale of Fig. 2.
C. Shear stress
By substituting Eq. (33), or Eq. (34), into the general
expression for stress, Eq. (19), we obtain consistently the
local particle shear stress (its gradient),
∂
∂y
σxy(y) ≈
αR
3
pi kBT Pe geq(2R)ρ(y)
×
∫ y+2R
y−2R
dy′
(
1−∆2
)
ρ(y′)S(y, y′)∆. (40)
Here we included the prefactor α, which takes the value
α = 1 for low shear rates, i.e., if Eq. (33) is substituted,
and α = 12 for large rates, i.e., if Eq. (34) is substituted.
We see that the local shear stress is indeed linear in γ˙ for
small γ˙, as required by condition 2 in Sec. IVC.
Fig. 4 shows the stress, resulting from Eq. (40) by use
of the density profiles of Fig. 2. It approaches the bulk
value for large distances from the wall, and deviates from
the bulk value in the proximity of the wall. Near the wall,
the stress shows oscillations on the scale of the particle
size, being small on the density peaks in Fig. 2 and large
in the density valleys: Particles on the peaks slide by
each other more easily than those in the valley. Addi-
tionally, there is an overall trend towards smaller stress
on approach of the wall, showing that the layered struc-
ture near the wall has a smaller overall shear resistance.
The decrease of the (relative) stress towards the wall in-
creases with shear rate, since shear increases the layering
structure. In the inset, we focus on the region close to
the wall, where we explicitly show that the numerical
results, in agreement with Eq. (27), vanish for y → R.
Noticing that a varying stress component σxy is unphys-
ical in a steady state, we evaluate in the next subsection
the stress ensemble, where the total stress is required to
be homogeneous.
FIG. 4: Shear stress σxy as a function of distance to the wall,
evaluated by use of Eq. (40) and the density profiles of Fig. 2.
Inset shows an amplification of the region close to the wall
where the particle stress vanishes continuously. The different
curves correspond to Pe = 0, 3.13, 6.26, 9.39, 10.95, 12.53
and Φ = 0.45.
D. Determination of the velocity profile in the
stress ensemble
By use of Eq. (30), Eq. (29) for stress homogeneity
reads for hard spheres
α(2R)4
2
pi2 geq(2R)ρ(y)
∫ y+2R
y−2R
dy′
(
1−∆2
)
× ρ(y′)S(y, y′)∆ +
∂γ˙(y)
∂y
1
γ˙0
= 0. (41)
Equations (36) and (41) are used to determine the shear
rate γ˙(y) and the density ρ(y) by numerical iteration.
Since Eq. (41) contains the derivative of the shear rate,
knowledge of γ˙(y) at one point is required, and, for the
semi-infinite system, we fix it far away from the wall to
the value of the bulk, i.e., we require limy→∞ γ˙(y) = γ˙0.
This yields the solution for y ≥ R. For 0 ≤ y < R, the
rate is constant, and fixed by requiring that the stress
in this range is equal to the stress for y ≥ R. As it is
required to be the same everywhere, it can be computed
from the bulk expressions, i.e., by Eqs. (33) and (34),
together with Eq. (18) [18],
σbulkxy = α
8pi
45
Pe ρ20R
3 kBT geq(2R), (42)
From this equation and Eq. (30), we can determine the
shear rate γ˙g in the gap, i.e., for 0 ≤ y < R,
γ˙g − γ˙0
γ˙0
=
12α
5
Φ2geq(2R). (43)
This procedure determines the shear rate for y ≥ 0
uniquely, and as we have γ˙(y) = ∂yv(y), the velocity
9FIG. 5: Solvent velocity v as a function of distance from the
wall, for different shear rates, obtained in the framework of
the stress ensemble. The strongest deviation of the velocity
from the naively expected straight line is given in the gap 0 ≤
y < R, and oscillations are visible in the region where particles
form layers. Dashed curve corresponds to the linear response
case. The adjacent to it straight line is the asymptote for
y → ∞, and used to construct the slip length L. The two
neighboring solid curves correspond to Pe = 6.26, and Pe =
10.45. For all curves, Φ = 0.45.
v(y) is determined up to a constant. This constant can
be fixed by assuming that v(y) vanishes at the wall, i.e.,
assuming no-slip boundary conditions for the solvent.
Fig. 5 shows the resulting velocity for the parameters
used in the previous figures. We see that the velocity de-
viates from the straight line, its slope showing a strong
deviation in the gap 0 ≤ y < R, where no particle centers
are present, and the stress is purely due to the solvent.
For y ≥ R, the velocity shows oscillations which can be
related to the oscillations of the stress in Fig. 4. Fig. 5
also shows the construction of the slip length L by in-
clusion of the asymptote that is approached for y → ∞
(compare also Fig. 1).
Fig. 6 focuses on the oscillatory part of the velocity,
by displaying the deviation from the asymptote shown
for the linear response case in Fig. 5. We note that the
oscillatory behavior of the velocity is out of phase with
respect to the density oscillations. As illustrated in more
detail below (see Fig. 7), it is the gradient of the velocity
(i.e. the shear rate) that is in phase with the density;
It is high in the peaks and low in the valleys. In Fig. 6,
both v and its gradient, the shear rate, are continuous
at y = R. This continuity is worth mentioning, as it
is not a numerical coincidence. It follows directly from
the continuity of the particle shear stress at y = R, see
Eq. (27).
In Fig. 7 we show the inverse of the shear rate γ˙−1, nor-
malized to the bulk value. It may be interpreted as the
local suspension viscosity η(y). We see that this quan-
tity is indeed in phase with the density, being low on the
FIG. 6: Same data as in Fig. 5, after subtraction of the asymp-
totic velocity. We see the oscillatory nature of the velocity.
Interestingly, not the velocity, but its gradient is in phase with
the density oscillations shown in Fig. 2. Inset shows the full
range on the vertical axis. Dashed line corresponds to the
linear response. Solid lines correspond to Pe = 3.13, 6.26,
9.39, 10.95. For all curves, Φ = 0.45.
FIG. 7: Inverse of the local shear rate η(y) ≡ γ˙−1(y), which
may be interpreted as the local shear viscosity. It is apparent
that this viscosity is maximal in the valleys of the density
profiles in Fig. 2, and minimal on the peaks. This can be
interpreted by the easier sliding of layers at the peaks. Dashed
line corresponds to linear response. Solid lines correspond to
Pe = 3.13, 9.39, 10.95. For all curves, Φ = 0.45.
peaks (as the particles at the peaks are more mobile) and
high in the valleys. Future work might establish possi-
ble relations to other measurable quantities, as e.g. the
(local) diffusivity of particles [14], which is readily acces-
sible in experiments [43] and shows oscillatory behavior
as a function of the distance to the wall as well.
Fig. 8 finally displays the slip length L, an example
of its construction is shown in Fig. 5. This length is of
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FIG. 8: Slip length L as a function of shear rate. The square
shows the linear response result, while circles show the result
obtained with the closure valid for large γ˙0. The packing
fraction is Φ = 0.45.
interest, as it has direct consequences on the behavior
of complex fluids in confined systems (nanofluidics), e.g.
the fluid flow in a narrow channel will be faster than ex-
pected from the suspensions’ bulk viscosity. When con-
sidering flow in small geometries, as a rough estimate,
one may treat the complex fluid as a continuum with
corresponding slip boundary conditions.
The slip length is large in the linear response regime
(small Pe), decreases then as a function of bulk shear
rate, and finally slowly increases towards larger rates.
The details of the behavior for intermediate rates (Pe ≈
1) cannot be studied by use of the analytical estimates
for the pair correlation in Eqs. (33) and Eqs. (34), and
we leave this for future work (e.g. by use of numerical
results for gneq(r) as input).
IX. SUMMARY
We investigated a confined colloidal suspension under
shear by means of density functional theory. Apart from
a specific closure approximation for shearing, we inves-
tigated general symmetry properties as well as the be-
havior of the different elements of the stress tensor. Not-
ing that the resulting off-diagonal element corresponding
to the shear stress is not necessarily homogeneous at a
homogeneous shear rate, we introduced a second equa-
tion, additional to the one determining the density pro-
file. The second equation requires homogeneity of shear
stress and is used to determine in addition the profile of
solvent velocities, as this cannot be assumed to be known
in confinement.
We analyzed the exact expression for the stress tensor
for the non-equilibrium situation depicted in Fig. 1 and
showed that the suggested approximative closure gener-
ally obeys Newton’s Actio et Reactio, i.e., the force acting
on the external potential equals the corresponding com-
ponent of the bulk pressure. Specifically, for the case of
hard potentials, we show that the density contact value at
the wall indeed equals the particle pressure acting on the
wall, a result which to our knowledge had been restricted
to equilibrium. Furthermore, the shear stress produced
by the particles vanishes at approaching contact with the
wall.
The oscillations of particle density near the wall be-
come more pronounced due to shear, and lead to inhomo-
geneous response to shear, as seen in the resulting solvent
velocity near the wall: It oscillates as well. In particu-
lar, the inverse of local shear rate (interpreted as a local
viscosity) is low on the peaks of density and high in the
valleys.
Specifically, the analytical expressions for Shear-
DDFT are valid for high shear rate, and for linear re-
sponse (vanishing shear). The resulting slip length is
locally maximal at linear response, then drops for in-
creasing rates, and shows a slow increase in the region
of large shear rates. It is generally around one particle
diameter.
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Appendix A. The Rosenfeld functional
The density fhsex of the Rosenfeld excess free energy
Fex =
∫
drfhsex (r) for monodisperse hard spheres is ex-
pressed as
βfhsex [ρ] = −n0 ln(1− n3) +
4piR
(
n20 4piR
2 − |n1|
2
)
1− n3
+
8pi2
3
R4 n0
(
n20R
2 − 3|n1|
2
)
(1− n3)2
, (44)
where the three weighted densities are given by convolu-
tions of the density profile with the corresponding weight
functions,
nα(r) =
∫
dr′ρ(r′)ω(α)(r− r′) , (45)
ω(3)(r) = Θ(R− r),
ω(0)(r) =
δ(r −R)
4piR2
,
ω
(1)(r) =
r
r
δ(r −R)
4piR
. (46)
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Appendix B. Bulk pair-distribution function of a
shear flow of hard spherical particles in the limit of
small shear rate and small particle density
Let us consider the frame comoving with one of the
particles of a homogeneous colloidal suspension having
particles density ρ0, the particle center is at r = 0. The
particle plays the role of a fixed obstacle for the other
ones involved in both the driven flow and the thermal
motion.
To a first approximation, in the comoving frame, the
shear flow is not distorted by the fixed particle:
vx = vz = 0 , vy = γ˙0x ; (47)
the pair density is not distorted by the obstacle, i.e.
ρ(2)(r, r′) is point-symmetrical with respect to r−r′; and
the thermal motion is a normal one characterized by the
diffusion coefficient 2D, where D is the diffusion coeffi-
cient of the particles in the static frame. The last state-
ment would be completely rigorous if there were only one
particle except the fixed one.
The particles density in the comoving frame can be
expanded in a power series of the small shear rate, up to
the first order:
ρ(r) = ρ0 + γ˙0 ρ1(r) . (48)
By substituting (48) into (3), with taking into account
the aforementioned approximations, one obtains that in
the steady state ∆ρ1(r) = 0. One has to choose the solu-
tion of this Laplace equation, which fulfills the boundary
condition, that requires the vanishing of the particles cur-
rent, eq. (4), through the surface of the obstacle:
(
vr(r)ρ0 − 2D γ˙0
∂
∂r
ρ1(r)
) ∣∣∣
r=2R
= 0 . (49)
ρ(r)ρ0 in comoving frame is equal to ρ
(2)(r′, r′ + r) =
g(r)ρ20 in the static frame, where r
′ is the position of the
origin of comoving frame in the static frame. Thereby,
one obtains the equation (31).
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